We consider the torus compactifications with flux of a class of 6d (1, 0) SCFTs that can be engineered as the low-energy theories on M5-branes near an M9-plane on a C 2 /Z 2 singularity. Specifically, we concentrate on the two SCFTs where the Z 2 orbifold action acts non-trivially on the E 8 global symmetry. We analyze this problem by compactifying to 5d, where we can exploit the relation to 5d duality domain walls. By a suitable guess of the domain wall theories, the resulting 4d theories can be conjectured. These can then be tested by comparing their properties, notably anomalies and symmetries, against the 6d expectations. These constructions lead to various interesting 4d phenomena like dualities and symmetry enhancements. * gabi.zafrir@ipmu.jp 1 arXiv:1809.04260v1 [hep-th]
Introduction
A long standing problem in quantum field theory is the study of the dynamics of gauge theories. Even concentrating only on the subset of 4d supersymmetric gauge theories, we already have a wide variety of interesting strong coupling phenomena like duality and symmetry enhancement. This leads to the desire for some organizing principle allowing one to motivate and predict the occurrences of such phenomena. One such principle, is the realization of the 4d theory through the compactification of a 6d SCFT. Initiated in [1] for 4d N = 2 SCFT, it has proven to be an effective tools for constructing SCFTs and dualities between them.
Building on this work, there have been many attempts to generalize this in multiple directions, which are in fact so numerous that we will not attempt to review them all here. Instead we concentrate on the generalizations, retaining most of the features of the original construction, but leading to 4d N = 1 SCFTs. This can be achieved by starting from some 6d N = (1, 0) SCFT and reducing to 4d through a compactification preserving 4d N = 1 SUSY.
There are by now various examples of this, where the chosen (1, 0) SCFT is the (2, 0) theory 1 [2, 3] or its orbifold cousins [4] [5] [6] [7] [8] [9] [10] [11] , where the references given are by no means an exhaustive list. Recently examples were also given for some classes of the so called minimal 6d SCFTs [12] . Starting in [9] and further developed in [10, 11] , a method for studying the torus compactification of in principle generic 6d SCFTs, with fluxes in their global symmetry, was proposed and studied for the cases of orbifolds of the A type (2, 0) theory. This method maps the problem to the study of 5d domain walls between different low-energy 5d gauge theories all having the 6d SCFT as their UV completion. Unfortunately, a systematic understanding of these 5d domain walls is still lacking, and as a result, this method cannot be used to systematically study compactifications. However, progress can still be made by studying specific examples of 5d domain walls, which are determined either from insight or by guesswork, generally by operating under the assumption that these are sufficiently simple. This was used to study various cases in [10, 11] .
The purpose of this article is to further use this method to try and study additional cases. A natural question then is why should we bother in undertaking this. Our motivations for this are twofold. First, it is interesting to see how far one can get using the method of 5d domain walls. In the cases studied, these methods were sufficient to construct a large class of compactification. However, this may not be a generic feature. As we lack a systematic understanding of this process, it seems necessary to analyze examples to get a better understanding of what can be expected from these methods.
The second motivation is more rooted in studying the dynamics of 4d theories. One desire in the study of compactifications to 4d is to uncover interesting dynamical phenomena in 4d, like enhancement of symmetry and duality. For the former, we are especially interested in cases with exceptional symmetries that are not easy to generate with Lagrangian theories. As for dualities, these tend to be ubiquitous in these constructions as there are usually many ways to build the same compactification. Nevertheless, in most of the cases studied so far the dualities encountered were mostly known. However, there are cases where one gets dualities, which are more interesting, and don't quite appear to reduce to known ones, at least at first sight. This occurs when there are at least two different low-energy 5d gauge theories having the 6d SCFT as their UV completion, a phenomenon refereed to as a 5d duality. In these cases it may be possible to engineer the same 4d theory, but with domain walls that extrapolate between the different cases. The resulting dualities then can be seen as a 4d manifestation of the 5d duality.
An interesting family of SCFTs to study then is the ones describable as low-energy theories on M5-branes probing a C 2 /Z k singularity in the presence of an M9-plane. These theories then can inherit in some cases exceptional symmetries from their parent theories, and further are known to posses multiple 5d gauge theory descriptions [13, 14] . Here we shall only concentrate on the case of k = 2 and with a non-trivial action of the Z 2 on the E 8 global symmetry, reserving other cases for future study.
The structure of this article is as follows. We begin in section 2 by discussing several aspects of the 6d SCFTs that are of interest to us here. Specifically, we touch upon their realization, notable operator spectrum and anomalies. We also consider their reduction to 5d, which will be useful later. In section 3 we consider the 4d theories. Specifically, using a particular 5d gauge theory description we conjecture the 4d theories resulting from torus compactifications of the studied 6d SCFTs with specific fluxes in their global symmetries. We then test this conjecture by various methods, notably by comparing anomalies. The results of this section suggest various interesting cases of symmetry enhancement. We continue our study of the 4d theories in section 4, where we conjecture another class of 4d theories with an expected 6d origin, now using a different domain wall. These theories turn out to be only mass deformation of a direct 6d compactification, a claim we support with various pieces of evidence. Nevertheless, this still leads to interesting proposals for symmetry enhancements and duality. We end in section 5 with some conclusions.
6d and 5d discussion
Here we consider the 6d SCFTs described by M5-branes, near an M9-plane, probing a C 2 /Z 2 singularity. There are in fact three different 6d SCFTs associated with this setup, differing by how the Z 2 acts on the E 8 symmetry [15] . Besides the trivial action, preserving the E 8 , there are two non-trivial ones breaking E 8 to either its SO (16) or SU (2) × E 7 maximal subgroups. Here we will be concerned only with the two SCFTs associated with the non-trivial action.
First we consider some properties of the SCFTs, starting with their global symmetries. Both SCFTs have the symmetry preserved by the Z 2 embedding inside E 8 , which as mentioned is either SO (16) or SU (2) × E 7 depending on the choice of embedding. In addition they have an SU (2) coming from the orbifold. Finally we have the SU (2)×SU (2) isometry of C 2 /Z 2 where one SU (2) is the R-symmetry and the other is a global symmetry. So we conclude that the SCFTs have the global symmetry of SU (2) × SU (2) × SO(16) for one embedding and SU (2) × SU (2) × SU (2) × E 7 for the other.
To make further progress it is convenient to employ the low-energy description of the SCFTs on a generic point in the tensor branch. Then the SCFT associated with SO(16) has a gauge theory description while the one associated with SU (2)×E 7 as a description as a gauge theory connected to the rank 1 E-string theory via gauging. The two descriptions are shown in figure 1. We next employ these to uncover more properties of these SCFTs.
First, it is instructive to study the global symmetry also from the quiver low-energy description. The part associated with the commutant of the Z 2 embedding in E 8 is given by the 'matter' on the left side of the quiver. Specifically, for SO (16) it is the symmetry rotating the 8 flavors. For SU (2) × E 7 , the E 7 is the commutant of SU (2) in E 8 , and the SU (2) is associated with rotating the two flavors for the leftmost SU (2) gauge group. In both quivers we have an SU (2) associated with the two flavors of the rightmost SU (2) gauge group. This is identified with the SU (2) associated with the singularity.
The symmetry associated with rotating two flavors of an SU (2) gauge group is SO(4) = SU (2) × SU (2), while SU (2) × SU (2) bifundamentals also have SU (2) symmetries associated with them. Thus, we naively reach a contradiction where the gauge theory description suggests we have an order n additional SU (2) global symmetries. However, it is argued that this is incorrect and that the additional SU (2)'s are accidental enhancements [16] . This hangs on the observation of [17] that for SU (2)+4F the symmetry of the SCFT appears to The low-energy description on the tensor branch of the 6d SCFTs associated with Z 2 orbifolds of E-string. Quiver (a) describes the case of SU (2)×E 7 preserving embeddings while quiver (b) the case of SO(16) preserving embeddings. In quiver (a) the arrow into the rank 1 E-string theory represents gauging an SU (2) ⊂ E 8 of the global symmetry of the E-string theory.
be SO(7) and not SO(8), a claim which was motivated by studying the compactifications of this SCFT to 5d and 4d. In the quivers in figure 1 , each node is an SU (2) + 4F and the multitude of SU (2) global symmetries come from the SU (2) 4 subgroup of SO (8) . However, SO(7) only has an SU (2) × SU (2) 2 maximal subgroup, where an SU (2) 2 in SO(8) is reduced to the diagonal SU (2). Thus, one concludes that at the SCFT there is only one SU (2) which is the diagonal combination of all bifundamental SU (2)'s and one of the SU (2)'s rotating the two flavors at the end 2 . We identify this SU (2) with the isometry of
Having mapped the symmetries to the quivers, we next study the matter spectrum in these theories. We shall begin with the SO(16) preserving embedding. First we have the conserved currents for the global symmetries. These contain scalar operators in the adjoint of the global symmetry which are the analogue of the moment map operators in 4d. These are given by various mesons in the quiver and are in the 3 of SU (2) R .
We next have the gauge invariant made from all bifundamentals and the flavors at the two ends. This gives a Higgs branch generator in the n + 2 of SU (2) R that is in the (2, n + 1, 16) of SU (2) × SU (2) × SO (16) 3 . This concludes the states we can observe perturbatively. Additionally we have a non-perturbative contribution from the instanton strings of the leftmost SU (2). Essentially, we can consider taking the infinite coupling limit for the leftmost SU (2), while keeping the other couplings finite. Then this SU (2) gauge theory is expected to be completed to a 6d SCFT known as the (D 5 , D 5 ) minimal conformal matter [18] . This SCFT is known to have a Higgs branch generator in the the 4 of SU (2) R and in the 512 of its SO (20) global symmetry, that arises non-perturbatively from the gauge theory viewpoint [10, 19] . Such an operator should then also arise in the class of theories we consider here, but as SU (2) ⊂ SO (20) here is gauged, we need to project it to the gauge invariant contribution. Therefore, it is expected to contribute a Higgs branch generator in the 4 of SU (2) R and the (1, 2, 128) of SU (2) × SU (2) × SO (16) . From this we can attempt to identity the global structure of the symmetry. It appears to be
, where one Z 2 is the combination of the center of the orbifold SU (2) and the center of Spin(16) with non-trivial action on the vector and the 128 spinor. The other Z 2 is the combination of the center of the isometry SU (2) and the center of Spin (16) with non-trivial action on the vector and the 128 spinor when n is odd, while for even n it also involves the center of the orbifold SU (2).
Next we move to the SU (2) × E 7 preserving embedding. We still have the conserved currents for the global symmetries with their associated scalar operators. Besides these there is also the Higgs branch generator given by the gauge invariant combination of all the bifundamentals and the flavors at the two ends. It is in the n + 1 of SU (2) R and in the (2, n + 1, 2, 1) of SU (2) × SU (2) × SU (2) × E 7 . Next we move to the non-perturbative sector. The rank 1 E-string has an E 8 global symmetry which is broken by gauging. Yet it still retains the scalar operators associated with the conserved currents of E 8 . These include ones in the 56 of E 7 and the doublet of the SU (2) gauge symmetry. While by themselves gauge variant, we can combine them with matter fields to build a gauge invariant. The simplest combination involves just using the flavors of the leftmost SU (2) gauge group. This gives a Higgs branch generator in the 4 of SU (2) R that is in the (1, 2, 2, 56) of SU (2) × SU (2) × SU (2) × E 7 . Alternatively we can use the bifundamentals and flavors for the rightmost SU (2) gauge group to build an invariant. This gives an operator in the n + 2 of SU (2) R that is in the (2, n, 1, 56).
From this we can attempt to identity the global structure of the symmetry. It appears to be
, where one Z 2 is the combination of the center of the orbifold SU (2), the center of the embedding SU (2) and the center of E 7 . The other Z 2 is the combination of the center of the isometry SU (2) and the center of the embedding SU (2) when n is odd, while for even n it also involves the center of the orbifold SU (2).
Special cases
For small value of n the symmetry enhances and these cases have some special features. First in the n = 1 case for the SO(16) preserving embedding, the SU (2) × SU (2) × SO (16) enhances to SO (20) and the theory reduces to the minimal (D 5 , D 5 ) conformal matter.
symmetries associated with E 8 last.
Torus compactifications for these cases were discussed in [10, 11] , and the higher n cases can be thought of as generalizations of these cases.
In the SU (2) × E 7 preserving embedding, the interesting special case is when n = 2. Then the three SU (2) groups enhance to form the group SO(7). This SCFT is known as the SO(7) × E 7 conformal matter [18] . In this case the previously mentioned states merge to form just two basic states. One are just the moment map operators associated with the global symmetry. The second is a Higgs branch generator in the 4 of SU (2) R and the (8, 56) of SO(7) × E 7 . This leads us to conclude that the global symmetry is globally
where the Z 2 is the diagonal center.
Reduction to lower dimensions
We next consider the reduction of these theories on circles to lower dimensions without flux. This was studied in [13, 14, 16, [20] [21] [22] . Generically, when we reduce 6d theories on a circle we can incorporate an holonomy in the global symmetry, and different holonomies can lead to different 5d theories. When reduced to 5d, with a specific choice of holonomy, the two theories have an effective description as SU (N ) 0 + 2AS + 8F gauge theories, where N = 2n for the SU (2)×E 7 preserving embedding and N = 2n+1 for the SO(16) preserving embedding 4 . Another useful 5d description, given by a different holonomy choice, is as a U Sp × U Sp quiver gauge theory. Specifically, the SO(16) preserving embedding has a 4F + U Sp(2n) × U Sp(2n) + 4F description while the SU (2) × E 7 preserving embedding has a 6F + U Sp(2n) × U Sp(2n − 2) + 2F description. These 5d descriptions will play an important role later. There can be other descriptions related to other holonomy choices though we won't carry a complete listing here. The 5d descriptions can be employed to study the spectrum of the reduced theory though we won't pursue this here.
The special cases materialize in the 5d SU (N ) description as symmetry enhancements due to special properties of the antisymmetric representation for small N . Particularly when N = 3, the antisymmetric is the same as the antifundametal and the symmetry combines to one big group. For N = 4, corresponding to the SO(7) × E 7 conformal matter case, the antisymmetric representation becomes real and the symmetry rotating the antisymmetrics enhances.
We can further reduce to 4d where these reduce to class S theories associated with an A type (2, 0) theory on a 3 punctured sphere. We can also reduce to 3d where there is a mirror dual. Both of these can be employed to study the spectrum of the reduced 6d SCFT. The 3d mirror is especially convenient and most of the operators we identified can be seen from there too.
Tubes and 5d gauge theory descriptions
The 5d gauge theory descriptions are particularly useful for conjecturing the 4d theories resulting from compactifications of the 6d SCFTs on a torus with flux. This was first pointed out in [9] an later expanded upon in [10, 11] . We shall next review the general idea, referring to these references for more details.
Consider the reduction of the 6d SCFT on a circle to 5d. As previously mentioned, in this reduction we have a choice of holonomy in the 6d global symmetry. Consider then the following choice. We take the holonomy to be dependent on a space direction in the 5d spacetime, say x 5 , and have the profile of a step function. Specifically, at x 5 > 0 we have it be the holonomy leading to a particular 5d gauge theory description, and at x 5 < 0 we have it be the holonomy leading to another 5d gauge theory description. Note, that the two gauge theory descriptions can be the same, but associated with two different holonomies leading to the same 5d gauge theory description.
In 5d this leads to a duality domain wall, which is a codimension 1 defect, here located at x 5 = 0, which extrapolates between two dual 5d gauge theories, that is two 5d gauge theory descriptions of the same underlying SCFT. Such duality domain wall defect were studied in [23] . There it was found that these can preserve half the supersymmetry leading to N = 1 SUSY on the 4d theory on the domain wall. As usual in such defects, in general there is a 4d theory, potentially strongly coupled, living on the domain wall.
In 6d, however, we have a variable holonomy which leads to a Delta function like curvature on x 5 = 0. This leads to flux in the 6d global symmetry on the surface spanned by x 5 and the compactification circle. Now consider further compactifying on x 5 . The holonomies at the two ends must be compatible for this to be possible, and we shall assume this is the case. In the 6d perspective, we have a compactification of the 6d SCFT on a torus with flux, which is what we are considering.
On the 5d side, we have a collection of 5d gauge theories connected via duality domain walls, where here we have generalized to the case where the holonomy may have multiple steps. It is now straightforward to reduce this system to 4d. The 5d gauge theories are IR free, and so should just reduce to the analogous 4d gauge theories. These are then coupled to one another via the theory living on the domain walls. Thus, we see that understanding compactifications of 6d SCFTs on tori with fluxes is related to the study of 4d N = 1 theories living on 5d duality domain walls.
Instead of considering compactificatons on tori, it is convenient to consider compactifications on tubes, that is a sphere with two punctures. The torus cases can be generated from the tubes by gluing the two ends as we shall describe momentarily. For this case, we take x 5 to be an interval. The punctures are manifested on the 5d system as half-BPS boundary conditions at the ends of the interval.
Here we shall only consider one type of punctures, generalizing the maximal punctures of class S. In terms of the 4d fields living on the boundary of the interval, these are given by Dirichlet boundary conditions for the 4d N = 1 vector multiplet in the N = 2 vector multiplet, and one of the chiral fields in the hypermultiplets while giving Nuemann boundary conditions for the adjoint chiral in the N = 2 vector multiplet, and the remaining chiral fields in the hypermultiplets.
For example consider the case where the 5d gauge theory description is SU (N ) 0 + 2AS + 8F . Then on the boundary we can decompose the 5d fields into 4d N = 1 multiplets. In this case the maximal puncture is defined by Dirichlet boundary conditions for the SU (N ) N = 1 vector multiplet, the two chiral multiplets in the conjugate antisymmetric representation of SU (N ), and the eight chiral multiplets in the antifundamental representation of SU (N ). The remaining fields, the SU (N ) adjoint chiral, the two chiral multiplets in the antisymmetric representation of SU (N ), and the eight chiral multiplets in the fundamental representation of SU (N ), are given Nuemann boundary conditions. Of course we could have chosen to give Dirichlet boundary conditions to the fundamentals and Nuemann boundary conditions for the antifundamentals, and similarly for the fields in the antisymmetric hypers. These different choices define equivalent though slightly different punctures, and we shall refer to these different choices as the color of the puncture 5 . This generalizes the notion of color from N = 1 class S and class S k [4, 7, 24, 25] . Here we shall be mostly concerned with two types of colors, one as defined above and the other with the Dirichlet and Nuemann boundary conditions for the hypermultiplets reversed.
There are two important properties about the punctures that we can extract from this construction. One is the global symmetry associated with the punctures. In general as we have given Dirichlet boundary conditions for the N = 1 vector multiplet, the 5d gauge symmetry should become non-dynamical and so is a global symmetry associated with the puncture. For the cases at hand, we expect at least two types of maximal punctures with different global symmetries corresponding to the two different 5d gauge theory descriptions.
We can also consider the process of gluing two punctures of the same type. Consider for instance taking two tubes each ending with a puncture and glue them along the punctures to create a single tube. Reducing again to 5d we now have two intervals, with a given boundary condition, that are joined to form a line. As the boundary conditions projects out the fields that were given Dirichlet boundary conditions, when we do this gluing, these have to be reintroduced by hand. Therefore, the process of gluing is done by connecting the two tubes via the fields given Dirichlet boundary conditions. Since we give Dirichlet boundary conditions for the N = 1 vector multiplet, the gluing involves gauging the puncture symmetry with an N = 1 vector multiplet. Additionally, we must also add chiral fields, Φ i , for every chiral field, in the hypermultiplet, with Dirichlet boundary conditions. These should be coupled to the analogous fields given Nuemann boundary conditions for both punctures, let's call them M i andM i respectively, via the superpotential
The rational behind this is that this forces M i =M i in the chiral ring which is exactly what we need. Gluing punctures of the same color does not break any of the 6d global symmetry, as M i andM i have the same charges under them, which are by construction opposite to those of Φ i . However, when gluing punctures of differing colors, some of the 6d global symmetry is broken by the superpotential.
Finally we wish to discuss how this is used in this article to determine the 4d theories. Here the 6d SCFTs enjoy two different 5d descriptions, one as an SU (N ) 0 + 2AS + 8F gauge theory and another as a U Sp × U Sp quiver theory. We can then consider various domain walls extrapolating between any combination of these. When reduced to 4d these should give a 4d theory having the 5d descriptions on both sides, connected via the fields living on the domain walls. Here we shall assume that these fields are just some collection of free fields, specifically, these will be guessed to be bifundamentals between the gauge groups on the two sides potentially with an additional chiral fields flipping baryons made of these 6 . These conjectured theories are then tested by various methods that we shall explain in greater detail later. One such test that is quite useful will be comparing the anomalies of these 4d theories from those expected from the anomalies of the 6d theories, as encoded in the anomaly polynomial. Next, we shall present the anomaly polynomial and later use it to derive the expected anomalies of the 4d theories.
Anomaly polynomial
We can use the low-energy gauge theory description on the tensor branch to calculate the anomaly polynomial of these 6d SCFTs using the methods of [26] . For the SO(16) preserving embedding we find:
.
Here we adopted the conventions of [7] . We also use SU (2) E and SU (2) F for the SU (2) global symmetries associated with the singularity and the isometry of C 2 /Z 2 respectively. For the SU (2) × E 7 preserving embedding we find:
Here we use SU (2) I for the SU (2) global symmetry of SU (2) × E 7 . For n = 2, corresponding to SO(7) × E 7 conformal matter, these can be combined to give:
Computing 4d anomalies from 6d
We can use the anomaly polynomial to compute the anomalies of 4d theories resulting from the compactification of the 6d SCFT on a Riemann surface. Here we shall take the Riemann surface to be a torus. We shall also consider non-zero flux in SU (2) E , the one associated with the singularity. Specifically, we take
Performing the calculation we find, for the SU (2) × E 7 SCFT:
while for SO(16) the result is:
Finally we consider the special cases in a bit more detail. First the n = 1 case for the SO(16) SCFT gives the (D 5 , D 5 ) conformal matter. In that case the symmetry is enhanced to SO (20) , the flux to SU (2) E describes a breaking of SO (20) to U (1) × SU (2) × SO(16), and our results here match those of [11] .
The n = 2 case for the SU (2) × E 7 SCFT gives the SO(7) × E 7 conformal matter. Here the three SU (2) symmetries enhance to SO (7), where flux to SU (2) E describes the breaking of SO(7) → U (1) × SU (2) × SU (2). From (4) we find that:
We can also consider more general fluxes inside SO(7). For example, we can consider flux breaking SO(7) → U (1) × U Sp(4), for which we find:
To study more general cases, we shall introduce a basis of three fluxes labeled (a, b, c). We shall use essentially the same basis used in [7] . This basis is defined so that a and b are associated with fluxes in the Cartans of SU (2) E and SU (2) I respectively while c is associated with flux in the Cartan of SU (2) F . We also normalize the Cartans so that the charges in the vector representation are unity. So using fugacities e, i, f for the associated U (1)'s:
Note that, with this normalization, the fluxes are quantized in the following manner. The charges appearing for SU (2) E and SU (2) I in both the vector and the spinor are both 1 so naively a, b must be integers. For SU (2) F , however, while the charge appearing in the vector is 1, the spinor has states with charge 1 2 , so naively c must be an even integer. Yet, the vector is consistent with a, b being both half-integer while the spinor is not, but the spinor will be consistent if c is an odd integer. Thus, we conclude that the flux is quantized so that either c is an even integer and a, b integers, or c is an odd integer and a, b are both half-integer. For generic fluxes, where the global symmetry is broken to U (1) 3 , these are the only possible values. Nevertheless, if some non-abelian symmetry is present, it is possible to support other values of flux, which are made consistent with central fluxes in the non-abelian group, see appendix C in [9] for a general discussion. We shall also see examples of this later in various 4d tubes.
We can next consider compactification with general flux (a, b, c). We shall summarize the anomalies in terms of the traces for R = U (1)
We then find:
Contribution of the punctures to the anomalies
So far we assumed that the surface is a torus, and we now wish to relax that assumptions and also consider the case of tubes. The important difference between the two is that the latter contains punctures. These have degress of freedom living on them whose contribution to the anomalies is needed to also be taken into account. We have previously mentioned that the punctures can be described by boundary conditions on 5d gauge theories, and these can be used to compute their contribution to the anomalies as we shall now detail. This method was originally used in [9] and later also in [10, 11] for the determination of the puncture contribution to the anomalies. There are two notable sources for the 4d anomaly contribution of the punctures. One, is the contribution from the fermions in multiplets given a Nuemann boundary conditions. The second is from Chern-Simons terms that may exist in the 5d gauge theory. Here we shall not need the latter contribution and so concentrate only on the former.
The general idea is that each multiplet given a Nuemann boundary conditions contribute half the expected anomaly. This is motivated by the following 'thought experiment'. Consider reducing a free 5d fermion on an interval. At the 4d theory on the boundary, we can split the 5d fermion to two 4d Weyl fermions of opposite chirality. We can now give Dirichlet boundary conditions for one chirality and Nuemann for the other at the two sides of the interval. Reducing to 4d we expect to be left only with the 4d Weyl fermion that received Nuemann boundary conditions. The 4d anomaly of this fermion should then match the anomaly inflow contribution from both punctures, and, therefore, each should contribute half of the anomaly.
Here we shall mostly be concerned about the case where the 5d gauge theory description is SU (N ) 0 + 2AS + 8F . For this case we need to consider the contribution of the fields receiving Nuemann boundary conditions in the vector and hypermultiplets. For the vector multiplet, we are giving Nuemann boundary conditions to the adjoint chiral. This field is only charged under the SU (N ) gauge symmetry, in the adjoint representation, and under the SU (2) R . The former is the puncture symmetry in 4d, while the latter is broken by the flux to U (1) 6d R . As the fermions in the chiral adjoint and the vector multiplet form an SU (2) R doublet, and as the latter always as R-chrage 1 under the N = 1 U (1) R-symmetry, we conclude that the fermion in the chiral adjoint has charge −1 under U (1) 6d R . Thus, we find it contribute to the anomalies:
We next want to consider the contribution of the hypermultiplets. Here, we are giving a Nuemann boundary conditions to one of the chiral fields in the hypermultiplets. The fermion in that chiral field is then charged under the 6d global symmetry and the SU (N ) gauge symmetry in some representation R. For simplicity, we consider the case of only one of these, charged under some U (1) F with charge q, where the generalization to more general cases being immediate. We then expect the following contribution to the anomalies:
where we use T R and D R for the second and third Dynkin indices of the representation R, respectively. Combining both terms gives the puncture contribution to the anomalies.
4d analysis
In this section we shall present the 4d theories we associate with the 6d compactifications we presented. These are conjectured using the 5d domain wall approach where the domain wall is taken to extrapolate between two SU (N ) 5d descriptions. Consider the theory shown in figure 2 (a). We associate this theory with a compactification on a sphere with two maximal punctures, with flux z = One can see that this theory is essentially made from free fields with the 5d matter content, not killed by the boundary conditions, on both sides 8 connected by a bifundamental, with a singlet field flipping its baryon. The latter fields are attributed to the domain wall. Next we shall support this conjectural tube by a variety of tests.
We begin by combining two tubes to form a torus, using the gluing rules explained in the previous section. This leads to the theory in figure 2 (b). As we have glued two tubes with flux z = 1 2 to form a torus, we expect this theory to be associated with a torus compactification with with flux z = 1 in SU (2) E . We first note that the gauge anomalies vanish where the contributions of the two antisymmetrics and eight flavors canceling against that of the bifundamentals, which is one non-trivial consistency check. We have two anomaly free U (1)'s which we denote as U (1) x and U (1) y . Additionally we have the SU (8) rotating the 8 flavors and the SU (2) rotating the 2 antisymmetrics. Overall, the theory has visible global symmetry U (1) x × U (1) y × SU (2) × SU (8). Here U (1) x is related to the Cartan of SU (2) E , and the SU (2) is SU (2) F . When N is even then SU (8) is the maximal subgroup of E 7 and U (1) y the Cartan of SU (2) I while when N is odd then U (1) y × SU (8) is the maximal subgroup of SO (16) . There is also a natural R-symmetry, under which the bifundamentals have R-charge 0, the flippers R-charge 2 and everything else R-charge 1, 7 The choice of flux for this tube was determined, as will be supported momentarily, by matching symmetries and anomalies. In principle, it should be possible to determine it by understanding the variable holonomy, like in [9] . We won't consider this here though. 8 Note that the adjoint chiral in the N = 2 vector multiplet does not appear in the tube, despite being given a Nuemann boundary conditions. This is in fact quite common in these constructions, see [9] [10] [11] . In cases where the domain walls are well understand, like in [10] , then this is attributed to it being given Dirichlet boundary conditions on the domain wall. in SU (2) E . In (b) the compactification surface is a torus, and the flux is z = 1 in SU (2) E . The arrows from a group to itself are all antisymmetric or conjugate antisymmetric chiral fields, where the representation is such that they can form a gauge invariant with an antisymmetric combination of the bifundamentals. In both theories there is a cubic superpotential along the triangle and also a quartic one connecting the antisymmetrics on the two sides via two bifundamentals.
which is identified with U (1) 6d R . These identifications are supported by anomaly matching between 6d and 4d.
Both SU (N ) groups are asymptotically free so the theory can exhibit interesting dynamics in the IR. Using a maximization we can determine the superconformal R-symmetry. The only U (1) that can mix is U (1) x so we take U (1)
. With this R-symmetry, the a and c central charges match (4) and (5) . We can also compare the other anomalies and find they match according to the mapping we prescribed. More preciously, we need to take 2 SU (2)
y N for the N even and 16 SO(16) 8) for N odd, up to charge conjugation of SU (8).
We next consider some aspects of the spectrum of the theories. Having found the superonformal R-smmetry, we first check whether there are operators below the unitary bound. We find that only the singlets go below the unitary bound. Thus, it is reasonable that these decouple and become free fields. Preforming the a maximization without them we now find α = − (3N +1)  12N , using which we observe that all gauge invariant operators are above the unitary bound. Therefore, it is reasonable that the 4d theory in figure 2 (b) go to a 4d SCFT and two decoupled free chiral fields.
Finally, we look at some of the gauge invariant states in the theory in order to try and match them to the 6d spectrum. First we have the two singlets, which are identified as coming from the negatively charged generator of SU (2) E . We have two such operators in accordance with the logic of [27] (see also appendix E in [9] ). The basic other gauge invariants are baryons made from the flavors and the antisymmetrics. Out of these, the ones with lowest R-charge are those made of the largest number of antisymmetrics. In the N even case, corresponding to the compactification of the SU (2) × E 7 SCFT, we first have the one made just from N 2 antisymmetrics. This gives a gauge invariant that contribute to the index the term:
, where here we use the 6d R-symmetry. Next we have the one made from two flavors and N 2 −1 antisymmetrics. This gives a gauge invariant that contribute to the index the term:
4 . These match the SU (2) E charged states expected from the 6d SCFT. We also expect ones with the same charges save U (1) x which should be −N .
In the N odd case, now corresponding to the compactification of the SO(16) SCFT, we now must use an odd number of flavors. The simplest one is made from just one flavor and
antisymmetrics. This gives a gauge invariant that contribute to the index the term:
4 . This correctly matches the properties expected from the sole SU (2) E charged state expected from the 6d SCFT. We again expect also ones with the same charges but with U (1) x charge of −N .
This observation is not as accurate as the supercoformal index so in particular we have not determined the number of such operators and so also have not ruled out the possibility of cancellations. Still we observe operators which can be naturally matched with those expected from 6d, which in turn is a strong indication that this theory has a 6d origin.
We now return to the tube. After having determined the mapping of the symmetries between 4d and 6d, we can also compare the anomalies of the tube against the 6d expectation. Note that the tube has an additional U (1) that is accidental from the 6d viewpoint. This makes it easier to compare anomalies for closed surfaces first. The charges of the fields in the tube, under the 6d symmetries, can be easily mapped from those in figure 2 (b) , and with the charge map determined, it is straightforward to compare the anomalies using the results of the previous section. We indeed find that all anomalies match. For example, consider the T r(SU (N ) 3 ) anomaly associated with the left puncture. As the symmetry is associated to a puncture, it receives contribution only from the punctures. We see that:
T r(SU (N )
and these indeed match. We can also consider gluing multiple tubes to form torus with higher values of flux. By virtue of the matching of the tube anomalies, the anomalies of the resulting 4d theories are guaranteed to match those expected from 6d. One interesting aspect is what happens when we glue an odd number of tubes, the simplest case being gluing a tube to itself.
Consider closing the tube in figure 2 (a) on itself to form a torus compactification with flux z = . If we try to do this according to the prescription set up previously, that is we gauge both SU (N ) global symmetries by an N = 1 SU (N ) vector multiplet, and try to add appropriate chiral fields, we encounter a problem. Basically, because the punctures have different colors we naively need to introduce chiral fields with different SU (N ) representations, fundamental versus antifundamental, depending on which of the puncture we consider.
The solution we find for this problem is that here the gluing must be done with the two SU (N ) groups identified with a charge conjugation. When glued in this manner the additional chiral fields can be added and coupled to the matter via a superpotential consistently. We next consider the resulting theory and show that the results are consistent with it being a 6d torus compactifications with flux z = 1 2 . The resulting theory is shown in figure 3 . The two conjugate antisymmetric chirals on the right come from the analogue chirals in the tube and are rotated by the 4d version of SU (2) F . The antisymmetric and symmetric chirals on the left come from the bifundamental in the tube. There is also a chiral singlet, that flipped the bifundamental baryon in the tube, that now flip baryons made from N symmetric or antisymmetric chirals. In the figure it is denoted as an X on the symmetric chiral, although we stress that it is coupled also to analogous combinations made from the antisymmetric. There is also a quartic superpotential coupling the two conjugate antisymmetrics to the symmetric or antisymmetric chirals and a cubic superpotential coupling two antifundamental chirals to the symmetric or antisymmetric chirals, on which we shall elaborate more next.
When gluing the tube to itself we were forced to break U (1) y and the SU (8) rotating the flavor though the supperpotential. The latter specifically, is broken by the cubic superpotential coupling two flavors with the symmetric or antisymmetric hyper. This superpotential comes from the one along the triangle in the tube. The one coupling through the symmetric breaks SU (8) to SO(8) while the one coupling through the antisymmetric breaks SU (8) to U Sp (8) . Both superpotential are consistent with the 6d symmetry, and if the theory flows to an SCFT, should both be marginal. In that case we can turn then both on, which breaks the flavor symmetry to U (1)
4 . Thus, we expect a conformal manifold on a generic point of which the symmetry is broken to U (1)
4 , but with special lines along which the symmetry is enhanced to SO(8), U Sp(8) and various combinations of SO and U Sp when we couple part of the flavors using the symmetric and the other using the antisymmetric. Of coarse it is possible that some of these marginal operators are actually marginally irrelevant.
Besides what remains of the SU (8), the theory also has U (1) x as a global symmetry, with the charges shown in the figure using fugacities, and a U (1) R symmetry, which we identify with U (1) 6d R , under which the flip field has R-charge 2, the symmetric and antisymmetric chirals have R-charge 0, and the rest R-charge 1.
As a first test, we can compare the anomalies of this 4d theory against those expected from 6d, using the previous mapping. Indeed, we find that all the anomalies match. As an example, consider the conformal anomalies. Taking a trial R-symmetry as U (1) 6d R + αU (1) x and using a maximization we find α = −
. We can now use this to evaluate the central charges finding:
which matches (4), (5) for z = . Like in the previous case, the chiral singlet drops below the unitarity bound and so these values of the central charges are not the actual central charges of the IR theory, but as the 6d theory is insensitive to these issues, they still work well for anomaly matching between 6d and 4d. Again we can repeat the analysis, but now decoupling the singlet, finding α = − (3N +1) 12N
. Now, we find that all gauge invariant operators are above the unitarity bound, and so it is plausible that this theory flows to an SCFT plus a decoupled chiral field.
Finally we need to discuss the global symmetry and fractional flux. The fractional flux here is only possible as the global symmetry of the SCFTs appear to be not simply connected, as pointed out in the previous section. In this case, the phase from the fractional flux can be canceled by a pair of almost commuting holonomies, see section 5 in [8] and appendix C in [9] . This is expected to break part of the global symmetry.
Let us first consider the case of the SO(16) SCFT. Here the flux must be accompanied by a pair of holonomies commuting in Spin(16)/Z 2 but not in Spin (16) , where the Z 2 element is the center that acts non-trivialy on the vector and one of the spinors. This is the so called compactifications without vector structure studied in [28] . As pointed out in the reference, there is in general a choice of such holonomies having the following properties. A generic choice breaks SO(16) to U (1)
4 , but there are special choices where the symmetry enhances to SO(8), U Sp(8) or various U Sp, SO combinations. The holonomies corresponding to these choices can be continuously transformed to one another, in other words, there are no disconnected components.
Here the choice of holonomies of the flavor symmetry on the torus is expected to map to marginal operators in the resulting 4d theory, see [2] . Therefore, we see that the resulting structure agrees with what we observe in 4d, at least qualitatively. The almost commuting holonomies break SO(16) to at least U (1) 4 . The holonomy space is mapped to the conformal manifold, where at different points the U (1) 4 is enhanced to various symmetries, specifically SO(8), U Sp(8) or various U Sp, SO combinations. It should be noted that we have not compared the dimension of the conformal manifold against the 6d expectation based on holonomies, or even showed that the the operators are exactly marginal, hence this being a qualitative matching. We should also mention that the relation between the holonomy space and the conformal manifold is known to not always hold for tori with low values of flux, like the theory we consider here, see [7] [8] [9] , so that even if there happens to be a disagreement, it is while disappointing, not entirely unexpected.
Finally, we consider the case of the SU (2) × E 7 SCFT. The same story also holds here, but now for consistency with the fractional flux, we need two almost commuting holonomies both in SU (2) I and the E 7 . The holonomies in SU (2) I break it completely, which agrees with the breaking of U (1) y in the 4d field theory. The holonomies in E 7 break it generically to U (1)
4 , which can be enhanced for special choices to among others SO (8) and U Sp (8) . Interestingly, the largest group one can preserve is F 4 , see appendix C in [9] . Thus, there could be a line on the conformal manifold with F 4 global symmetry, where the doubt here is due to the cautionary remarks in the end of the previous paragraph.
Special cases
There are two special values of N , where the symmetry enhances in 6d and some special features appear in the 4d theory. One case is the N = 3 case where the 6d SCFT is the (D 5 , D 5 ) conformal matter studied in [10] . The tube we find indeed matches one of the tubes found there. The second special case is N = 4, which we now discuss.
SO(7) × E 7 conformal matter
The special feature of the N = 4 case is that the SU (2) × SU (2) × SU (2) symmetry is enhanced to SO(7). This leads us to suspect that we should be able to find tubes associated with other choices of flux inside the SO (7) global symmetry group. The reason for this is the following. When the symmetry is a large group, then we should be able to rotate the flux inside the larger group using various Weyl transformations. While these give the same flux, only embedded differently in the larger group, we can consider gluing together two domain walls associated with this same flux but with different embeddings. The resulting domain wall is then associated with a different flux.
Indeed, in the previous studies of compactifications of (1, 0) SCFTs on torus with fluxes this as been used to generate additional domain walls with more general fluxes [9] [10] [11] . The structure that was observed there was that these generalized domain walls have matter Figure 4 : 4d tubes for the SO(7) × E 7 conformal matter. Below each tube is the flux associated with it and the global symmetry it preserves (using the notation of [7] ). Finally we show how the SO (7) is built in term of the symmetries we defined in 4d. content similar to just the gluing of the basic domain wall to itself, but with some of the matter chiral fields projected out. We next use this observation to conjecture, and then test, these additional domain walls.
For generic N such a program appears unfeasible, the reason being that the matter content is extremely restricted by gauge anomaly cancellation. However, for N = 4, we have SU (4) groups for which the antisymmetric representation is real. This in particular means that they do not contribute to the gauge anomalies so theories with some of them removed still make sense. This is in accordance with our previous observation, and leads us to suspect that gluing two of the tubes in figure 2 (a), but with some of the antisymmetrics removed, may lead to more general tubes.
Analyzing all cases we get the three tubes in figure 4 . The one in (a) is just the one presented previously specialized to the case of N = 4. The ones in (b) and (c) are given by connecting two tubes but removing some of the antisymmetrics. By analyzing anomalies of the theories we get by connecting two tubes, as well as the tubes themselves, we get the mapping of fluxes. These span the complete SO(7) flux basis.
We can test this by connecting two tubes to form a closed surface. In this case we can compute the anomalies and compare against the 6d results. We can also compute the anomalies of the tubes themselves and compare. Furthermore, we can consider combining two tubes of type (a) with two tubes of type (b) or (c) and check the anmalies of the resulting theories. In all cases we checked we have found agreement between the 6d and 4d results.
Finally we can consider the superconfomal index. Since the N = 4 case is the simplest one not previously considered, it is a good case for these type of computations. As an example we take the theory in figure 2 (b) for N = 4, which is the same as the one we get by gluing together two tubes of the type shown in figure 4 (a) . We shall take U (1) ≈ 0.032, it is close to the actual superconformal Rsymmetry. We shall also ignore the singlets as these hit the unitary bound and so should decouple in the IR. Then for the index we find:
1 + x 4 (pq) (8) .
Second, we can identify some of the states here as contributions of fundamental 6d states. Recall that under the decomposition of SO (7) 
±1 . Then the first term in the index matches the contribution expected from the last term in the decomposition (the second to last term contribution to the relevant operators is matched by the singlets). We also have 8 → (2, 2) 0 + (2, 1) ±1 , under this decomposition. We can then identify the state at order (pq) 11 10 with the contribution of the (8, 56) state of the 6d SCFT. This confirms the crude analysis, that we previously preformed generically, for this special case.
We can also consider the superconformal index of the theory when we glue the tube to itself, that is the one in figure 3 for N = 4. We can perform the evaluation with the same non-superconformal R-symmetry, U (1)
Here we shall again ignore the singlet, as it decouples in the IR. Furthermore, we shall take the symmetry rotating the 8 flavors to be SO (8) . Evaluating the index we find it to be:
9 10
+ pq(2z
+ (pq)
The interesting thing here is the (pq) 11 10 terms that are in SO(8) characters. As previously mentioned, we can break the SO(8) group down to its maximal torus, by changing the superpotential, which is mapped to the exact choice of almost commuting pairs. From the latter viewpoint we expect a point with F 4 global symmetry, which we do not see in the Lagrangian. Now, consider choosing the superpotential such that two quarks are paired with the symmetric and the remaining six with the antisymmetric. This should lead to a symmetry of SO(2) × U Sp (6), under which the states in the χ[28] SO(8) become instead 21 0 + 14 0 + 6 1 + 6 −1 . Curiously this can be cast into the 26 of F 4 where here the SO(2) × U Sp(6) is embedded in the SU (2) × U Sp(6) maximal subgroup of F 4 . This is consistent with our 6d expectations.
Mass deformed theories
In this section we discuss 4d theories related to compactifications of 6d theories not through a direct reduction, but rather one also involving a mass deformation. The way we approach these theories will be similar to the steps used in motivating the previous theories, particularly relying on the 5d gauge theory description. As previously mentioned, the 6d SCFTs considered here all have a 5d description as an SU type gauge theory with hypermultiplets in the fundamental and antisymmetric representations. The previous theories were then motivated using domain walls between two such 5d descriptions. However, the 6d SCFTs also have other descriptions, in particular, they possess one involving two U Sp gauge groups. We can then consider a 5d domain wall extrapolating between the two descriptions, that is haing the 5d SU description on one side, and the U Sp × U Sp quiver description on the other. When used in torus compactifications this is expected to give 4d theories involving two U Sp groups on one side and an SU group with antisymmetrics on the other. As we shall see in this section, this leads to rather interesting theories that, while not related to direct compactification of the relevant 6d SCFTs, are connected to them by a mass deformation.
The behavior of the 4d theory is quite different depending on whether we consider the SO(16) or the SU (2) × E 7 SCFT, and thus we shall discuss each case separately, beginning with the SO(16) case.
SO(16) SCFT
First we recall the two 5d IR gauge theory descriptions of the 6d SO(16) SCFT compactified on a circle. One is an SU (2n + 1) 0 + 2AS + 8F gauge theory while the other is a 4F + U Sp(2n) × U Sp(2n) + 4F quiver gauge theory. Next we consider the 4d theory shown in figure 5 . This theory as one gauge theory description on one side and the other one on the other side, which are in turn connected via bifundamental fields. This fits the 5d motivated expectation of a theory extrapolating between the two descriptions. As we shall now show this theory has various features that are on one side quite suggestive of a 6d connection, but on the other side appear inconsistent with a direct compactification.
First we note that the theory is free: the one loop β function for all gauge groups vanishes and all superpotetials are cubic. This already makes it quite special. At the level of global symmetries it has two SU (4) × SU (4) non-abelian symmetry groups as well as two anomaly free U (1) symmetry groups, where the charges of all the fields are illustrated Figure 5 : The proposed 4d quiver theory. There are cubic superpotentials along all triangles. As previously, we use arrows from the group to itself to denote antisymmetric chiral fields, where here one is in the antisymmetric representation, and the other in the conjugate antisymmetric representation. These two antisymmetric chirals are coupled to the appropriate bifundamentals via cubic superpotentials. in figure 5 using fugacities. The theory also has an anomaly free U (1) R symmetry where the 4 SU × U Sp bifundamentals have R-charge 0, the antisymmetrics and U Sp × U Sp bifundamental have R-charge 2, while the rest of the fields have R-charge 1. This Rsymmetry has the special property that T r(R) = T r(R 3 ) = 0, which is the result one finds for the Cartan of SU (2) R from integrating the 6d anomaly polynomial on the torus. Thus, it has the right properties to be the natural 6d R-symmetry that comes from the Cartan of SU (2) R in 6d. The superconformal R-symetry, under which all fields have the free R-charge, is a mixture of this symmetry with U (1) x , but does not involve U (1) y .
These properties seem to hint on a 6d origin of the theory. However, there are several issues with trying to connect the theory to a direct compactification of the 6d SO(16) SCFT. One problem is that the rank of the global symmetry seems to be too small. Particularly the 4d theory has rank 8 global symmetry while the 6d SCFT has rank 10 global symmetry. Yet, one may hope that fractional fluxes are the cause for the loss of some of the global symmetry.
Another issue is the R-charge assignment of the fields. Generically in 6d compactification, the 5d bulk fields have R-charge 1, which usually includes all fields that appear in the 5d description. This can be seen from the 5d boundary condition viewpoint as these are associated with chiral fields in hypermultiplets of the 5d gauge theory that were given Nuemann boundary conditions, and these are part of a doublet of SU (2) R . However, here the antisymmetrics and U Sp × U Sp bifundamental both have R-charge 2 even though they are part of the 5d description.
Returning to the issue of the global symmetry, it is instructive to try to see if the symmetry can be enhanced to a larger group. We have already noted that there is no mixing with U (1) y and so it is possible that it enhances to a larger group. Here we shall do a crude general analysis, reserving a more careful exact analysis in special cases for later. So let us consider the BPS objects we can build. The lowest dimension ones will be made out of only two fields and we can write down their contribution to the index by inspection. First we have various invariants that are charged only under U (1) x , particularly the baryon made from the U Sp × U Sp bifundamental and the invariant made from the two antisymmetrics. Next we have several fields charged also under the non-abelian symmetries. These are the mesons of the two U Sp groups and of the SU group. These contribute fields with charges: 4] . We note that these can be combined into the
We are now in a position to try and connect this theory to a 6d compactification. Our claim is that this theory results from a mass deformation of the theory one gets when compactifying the 6d SO(16) SCFT with flux
Here the 6d SU (2) E × SU (2) F × SO(16) global symmetry is broken to U (1) x × SU (8) where SU (2) E is broken due to the fractional flux, SU (2) F is broken due to the mass deformation and SO (16) is broken by the flux.
Our main evidence to backup this claim is that the anomalies can be matched. Let's start with the anomalies for the gauge theory in figure 5 . These can be conveniently packaged into an anomaly polynomial 6 form, that for the case at hand reads:
As we pointed out earlier the spectrum shows some signs that it might have an enhanced SU (8) symmetry. If this is indeed true then it must be possible to cast the anomaly polynomial in term of just the SU (8) anomalies. Using the decomposition we find that:
Using this we see that (17) can indeed be written as:
Already this is a non-trivial consistency check on the SU (8) (16), where we use the same conventions as in section 2, contains an SU (8) singlet. With this choice one can see that the flux 1 2 can be made consistent by incorporating a central flux in either SU (2) E or SU (8), where here we shall choose the former case.
So next we want to perform the integration of the anomaly polynomial over the Riemann surface. But first we need to decompose the various characteristic classes. Performing the decomposition we find:
, where the latter inserts the flux into the U (1) while the former takes into account the fact that SU (2) E is completely broken due to center fluxes. Performing the calculation we find:
Finally we can decompose SU (2) F to its Cartan (21) and (19) match. This suggests that the theory in figure 5 is a deformation of a torus reduction of the SO(16) SCFT with flux 1 2 breaking SO(16) to U (1) × SU (8) . The deformation has the effect of breaking SU (2) F , locking its Cartan to a combination of U (1) x and U (1) R . We shall next consider a specific example, the one with n = 1, where we can actually show this explicitly and identify the deformation as a mass deformation. A by product of that is an interesting dual description of the theory in figure 5 .
Consider the case of n = 1. In this case the 6d SCFT is the minimal (D 5 , D 5 ) conformal matter and the 6d global symmetry enhances to SO (20) . However the flux breaks it to U (1) × SU (8) × SO(4) so we do not expect any special enhancement of symmetry in the 4d theory in figure 5 .
We can evaluate the index of this theory in this case in order to check the enhancement to SU (8) . Performing the calculation up to order pq, we indeed find the index can be arranged into SU (8) characters where it reads:
Here as expected:
The compactification of the minimal (D, D) conformal matter on a torus with fluxes was studied in [10] , and we can thus perform a direct comparison with results obtained there. We start with the theory [10] associated with a compactification of the minimal (D 5 , D 5 ) conformal matter on a torus with flux 1 2 preserving U (1) × SU (8) × SO(4). This theory can be generated by gluing a tube with that flux to itself. The resulting 4d theory is shown in figure 6 (a) . We can evaluate the index for this theory finding: (2)×SU (8) , h is the fugacity for SU (2) F in our notation, and the second SU (2) was broken by the flux. Note that in evaluating the index we have used the R-symmetry: U (1) 6d − 1 9 U (1) m which while not the superconformal one, is quite close to it. The superconformal R-symmetry is actually
Comparing this index with (22) we see that they match if we take h = m 12
(pq) 1 6 , m 3 = x.
This implies that the mass deformation needs to equate U (1)
6d R + 4U (1) x as expected from anomalies. It is interesting to identify the exact deformation one must do. The identification we found would be naturally generated if a term with charges m 12 (pq) 5 6 h was added to the superpotential. This term indeed appears in the index and so the required relevant deformation indeed exists. We can next identify what is the operator in terms of the fields of the 4d theory in figure 6 (a) . From the charges it is clear that it is the mass term involving one of the two SU (2) doublets and one of the two m 8 flavors of the SU (3) gauge group. We are now lead to the following conclusion: the theories shown in 6 (b) and 5, for n = 1, are dual. As we have calculated previously both the anomalies and index matches, at least to the order we computed. In the theory in figure 6 (b) , the SU group is conformal, while the U Sp group is asymptotically free so we expect the theory to flow to an interacting fixed point. We do note that there is a quintic superpotential, however removing it does not generate a new symmetry so it does not appear to be important for the flow. The claim then is that the resulting theory is an SCFT with a conformal manifold that has a region with a weakly coupled description given by the theory in figure 5 . The price payed for the pleasure of such a description is that the SU (8) symmetry that is manifest in the original description is broken by the marginal deformations.
It is straightforward to generalize all the above discussion to higher value of flux. One simply multiplies the matter content and connects them with bifundamentals such that the pair of bifundamentals in the theory of figure 5 is replaced with a circle of bifundamental that connects the SU (2n + 1) groups of all the copies with the U Sp(2n) groups of the same and neighboring copy. The resulting theory for the case of flux 1 is shown in figure 7 . One interesting aspect here is that when the flux is integer we expect there to be an additional anomaly free U (1) that should enhance to SU (2). Indeed the theory in figure 7 has an additional non-anomalous U (1) as expected.
We can again compare anomalies now involving this U (1) z symmetry. For instance in The proposed 4d quiver theory. There are cubic superpotentials along all triangles. As previously, we use arrows from the group to itself to denote antisymmetric chiral fields, where here one is in the antisymmetric representation, and the other in the conjugate antisymmetric representation. These two antisymmetric chirals are coupled to the appropriate bifundamentals via cubic superpotentials.
the theory in figure 7 , the only term related to this symmetry in the anomaly polynomial is I GT 6
This matches the results from the 6d anomaly polynomial if we identify 2 SU (2) E = z 2n+1 + 1 z 2n+1 . For the n = 1 case, we can again study the theory before the mass deformation. This should give us a dual description of this theory.
SU (2) × E 7 SCFT
For the SU (2)×E 7 SCFT the two 5d IR gauge theory descriptions are an SU (2n) 0 +2AS + 8F gauge theory and a 6F + U Sp(2n) × U Sp(2n − 2) + 2F quiver gauge theory. Next we consider the 4d theory shown in figure 8 . This theory has one gauge theory description on one side and the other one on the other side, which are in turn connected via bifundamental fields. This fits the 5d motivated expectation of a theory extrapolating between the two descriptions. Similarly to the previously discussed theory, it is related to a compactification of the SU (2) × E 7 SCFT on a torus with flux via a mass deformation breaking SU (2) F . One notable difference between the two cases is that the flux used here is somewhat more complicated, which in turn leads to the 4d dynamics being more involved.
At the level of global symmetries we now have an SU (2)×SU (6) non-abelian symmetry group, as well as two anomaly free U (1) symmetry groups, where the charges of all the fields are illustrated in figure 8 using fugacities. The theory also has an anomaly free U (1) R symmetry where the 4 SU × U Sp bifundamentals have R-charge 0, the antisymmetrics and U Sp × U Sp bifundamental have R-charge 2, while the rest of the fields have R-charge 1, exactly as in the previous case. Similarly, this R-symmetry has the special property that T r(R) = T r(R 3 ) = 0, as expected from the 6d interpretation. Unlike the previous case, however, this theory is not free. Here the U Sp(2n) group is asymptotically free, being one flavor short of conformality, while the U Sp(2n − 2) group is IR free, having one flavor in excess of conformality. The SU (2n) group is free though. One can use a maximization to study this theory. We find that in general both U (1) groups mix with U (1) 6d R , and that the mixing is generically an unappealing mathematical function of n. We shall not dwell on the dynamics of this theory any further.
Instead we now seek to compute anomalies and compare them against the 6d interpretation. Particularly, our claim is that this 4d theory is generated by an SU (2) F breaking mass deformation of a theory that is a torus compactification of the SU (2) × E 7 SCFT with flux 1 2 in the Cartan of SU (2) I , and flux 1 2 in E 7 preserving U (1) E 7 × E 6 . Particularly, adopting a normalization convention where the minimal charge is 1, we find that U (1) E 7 = 2U (1) x , and U (1) SU (2) I = 2nU (1) y . Again for the flux to be consistent, it must also be accompanied by central fluxes in SU (2) E which in turn break this symmetry.
One expectation from this relation is that the anomalies be consistent with enhancement to E 6 and that the spectrum could be arranged in E 6 characters, where we expect that the SU (2)×SU (6) global symmetry should be realized as the maximal subgroup of E 6 . We shall shortly show that the anomalies are consistent with this, but first we shall see that the basic matter spectrum forms the correct characters. Again for this we consider the basic gauge invariants we can build from the smallest number of fields charged under the non-abelian flavor symmetries. From just two fields, we have the gauge invariants consisting of the SU (6) charged mesons of the U Sp(2n) group, as well as the mesons of the SU (2n) group. These contribute to the index the term: pqx 4 (χ [15] SU (6) + χ[6] SU (6) χ[2] SU (2) ). From three fields, we have the gauge invariants consisting of the U Sp(2n) and U Sp(2n − 2) charged flavors, connected via the U Sp × U Sp bifundamental, as well as the invariant made from two SU (6) charged SU (2n) flavors and one antisymmetric chiral. These contribute to the index the term: Nevertheless, our main evidence in favor of this claim is that the anomalies can be matched. Let us start with the anomalies for the gauge theory in figure 8 . These can be conveniently packaged into an anomaly polynomial 6 form, that for the case at hand reads:
former takes into account the fact that SU (2) E is completely broken due to center fluxes. Performing the calculation we find:
= 72nC 1 (U (1) x ) 3 + 24n(n − 1)C 1 (U (1) x ) 2 C 1 (U (1) y ) + 24n 2 (n − 1)C 1 (U (1) y ) 2 C 1 (U (1) x ) + 8n 2 (3n − 2) 3 C 1 (U (1) y ) 3 − 6n 2 C 1 (U (1) x )C 1 (R) 2 − 2n(n 2 − 1)C 1 (U (1) y )C 1 (R) 2 − 3n 2 p 1 (T )C 1 (U (1) x ) − (3n − 2) 6 p 1 (T )C 1 (U (1) y ) − nC 1 (U (1) x )C 2 (E 6 ) 27 + C 1 (U (1) y )C 2 (E 6 ) 27
− 6n(n − 1)C 2 (SU (2) F ) 2 C 1 (U (1) x ) + 6(n 2 − n + 1)C 2 (SU (2) F ) 2 C 1 (U (1) y ).
Finally we can decompose SU (2) F to its Cartan U (1) F under which C 2 (SU (2) F ) 2 = −C 1 (U (1) F )
2 . If we now take C 1 (U (1) F ) = C 1 (R) + 6C 1 (U (1) x ) + 2nC 1 (U (1) y ) then equations (28) and (26) match.
We can again consider theories corresponding to higher values of flux by adjoining two copies of the theory in figure 8 so as to form a circle, similarly to the theory in figure 7 . We expect this theory to be related to a similar compactification and mass deformation but with flux 1, and similarly for higher values of flux. However, we shall not check this explicitly here.
Conclusions
Here we have explored the torus compactifications of Z 2 orbifold of E-string theories with non-trivial action on the E 8 group. We have conjectured 4d theories corresponding to a tube with flux 1 2 in the SU (2) global symmetry associated with the orbifold in these 6d SCFTs. We have further tested this by various methods, notably by comparing anomalies against those expected from 6d. For the special case of the SO(7) × E 7 conformal matter, this can be extended to more tubes that together cover a wide variety of possible fluxes in SO(7). These 4d theories should exhibit interesting phenomena of symmetry enhancement which is ultimately attributed to the symmetry inherited from the 6d SCFT. This was tested using anomalies, and in specifically simple cases, also the superconformal index.
We have also studied a class of theories related to 6d torus compactifications by mass deformations. We supported this claim by matching anomalies, and in the special case of the (D 5 , D 5 ) conformal matter also using the superconformal index compared against the mass deformation of the conjectured direct reduction. These, while not direct 6d compactifications, still retain some of the miraculous properties of 6d compactifications. Particularly, they still retain some of the 6d global symmetry which can lead to interesting symmetry enhancement phenomena. Also the general idea of pair of pants decomposition leading to 4d dualities still applies also to mass deformed theories. Indeed, the study of these theories for the case of the (D 5 , D 5 ) conformal matter lead us to an apparently new duality that can be ultimately linked to the different 5d descriptions of the 6d (D 5 , D 5 ) conformal matter on a circle. Similar dualities were also proposed in [10, 11] .
There are various future directions one might consider. One is to consider the generalizations to larger orbifold group. Here we have seen that there are Lagrangian theories that one can associate to a torus compactification with flux in the global symmetry related to the orbifold. It is interesting if this persists also to more general orbifolds.
We can also consider attempting to realize more values of flux. Ultimately the flux values we have realized here are quite limited, and leave much to be desired. It is possible that considering more intricate systems, still retaining the structure expected from the 5d domain wall picture, can provide the other cases.
There are also several interesting issues in the 5d picture, particularly the relation between the 5d gauge theory and 6d SCFT. For example, it should be possible to determine the flux directly from the holonomies on the two sides. These then may give us a tool to understand which fluxes can be realized via a domain wall between 5d gauge theories, and so are expected to give Lagrangian theories in 4d, and which ones may not.
